Abstract-A performance analysis of two hybrid selective combining/maximal ratio combining (SC/MRC) diversity receivers over Nakagami-m fading channels with a flat multipath intensity profile is presented and numerically compared with that of the conventional SC and MRC schemes. Numerical results for particular cases of interest show that the bit error rate (BER) degradation arising from the use of hybrid SC/MRC instead of MRC is independent of the average signal-to-noise ratio (SNR) regardless of the severity of the fading and that MRC provides a higher rate of improvement than the hybrid SC/MRC as the severity of fading decreases.
I. INTRODUCTION

I
N RECENT years, there has been an increased interest in wireless communications. It is well known that these systems are subject to severe multipath fading which can seriously degrade the bit error rate (BER) performance. Thus, fading compensation is typically required to mitigate the effect of fading. Diversity combining which skillfully combines multiple replicas of the received signal is, for example, a classical and powerful technique to combat multipath impairments [1] , [2, Section 5.5] .
There are several methods to combine these multipath components including: maximal ratio combining (MRC), equal gain combining (EGC), and selective combining (SC). MRC requires the individual signals from each path to be timealigned, cophased, optimally weighted by their own fading amplitude, and then summed. MRC provides the maximum performance improvement relative to all other combining techniques by maximizing the signal-to-noise ratio (SNR) of the combined signal. However, MRC also has the highest complexity of all combining techniques since it requires knowledge of the fading amplitude in each signal branch. Hence, alternative techniques such as EGC and SC are often used in practice because of their reduced complexity relative to the optimum MRC scheme [2, Section 5.5] .
In its conventional form, SC diversity only processes one of the diversity branches, specifically, the one determined by the receiver to have the highest SNR. Recently, Kong and Milstein in [3] - [5] , respectively, considered a generalized selective combining (GSC) diversity technique which for coherent receivers in reality is a hybrid scheme involving first conventional SC followed by MRC. More specifically the SC chooses from the received signals the largest ones and then optimally weights (as per the rules of MRC) and sums these to produce the decision statistic. We shall denote such a hybrid scheme as SC/MRC-. 1 The main motivation behind this suboptimal hybrid scheme is to approach the performance provided by MRC with a less complex receiver. In [3] and [4] , Eng, Kong, and Milstein presented a thorough comparison of the hybrid SC/MRC scheme with the SC and MRC schemes over Rayleigh fading channels with a flat multipath intensity profile (MIP) as well as with an exponentially decaying MIP. More recently, Kong and Milstein derived in [5] a simple closed-form expression for the combined average SNR at the output of GSC diversity systems operating over Rayleigh fading channels with a flat MIP.
The Nakagami-distribution [6] spans via the parameter a wide range of fading conditions. For instance, it includes the one-sided Gaussian distribution and the Rayleigh distribution as special cases. In the limit, as tends to infinity, the Nakagami-fading channel converges to a nonfading channel. In addition, the Nakagami-distribution often gives the best fit to land-mobile [7] , [8] , indoor-mobile [9] multipath propagation, as well as scintillating ionospheric radio links [10] . There are many papers dealing with the performance of diversity combining schemes over Nakagamifading channels. In particular, Al-Hussaini and Al-Bassiouni [11] provided a BER performance analysis for MRC detection of binary frequency-shift keying (BFSK). Miyagaki et al. [12] analyzed the performance of coherent -ary phase-shift keying -PSK) with a dual-branch MRC. Their analyses were extended to an arbitrary number of branches by Aalo and Pattaramalai [13] . Beaulieu and Abu-Dayya considered the performance of coherent and differentially coherent binary signals with EGC and SC in [14] and [15] , respectively. More recently, Fedele et al. studied the performance of differentially coherent modulations with SC and MRC [16] , [17] . To the best of the authors' knowledge, the performance of the hybrid SC/MRC scheme over Nakagami-fading has not previously been reported in the literature. Neither has a comparison of 1 The reason for such notation is that it is also possible to mate SC with other forms of diversity combining such as EGC. Such a SC/EGC hybrid scheme would be a suitable choice for differentially coherent and noncoherent systems where MRC is not appropriate because of the absence of the phase information for each branch [2, Section 5. the SC/MRC scheme and the SC and MRC schemes over Nakagami-fading channels been investigated. In this paper, we examine both of these issues for two coherent binary signals (i.e., BPSK and BFSK) of interest. The aim is to quantify the effect of the severity of the fading on the BER performance degradation arising from the use of SC/MRC instead of the optimal MRC scheme.
The remainder of this paper is organized as follows. Section II gives the joint statistics of the hybrid SC/MRC output for the fading channels under consideration. The BER performance of SC/MRC-2/3 and SC/MRC-2/4 receivers is derived in Section III. For comparison purposes, the BER performance of conventional SC and MRC is given in Section IV. Some numerical results for binary modulations and discussion of these examples are presented in Section V. A summary of our results as well as some concluding remarks are given in Section VI.
II. JOINT STATISTICS OF THE HYBRID SC/MRC RECEIVER OUTPUT
Consider an SC that chooses the of its input branches with the largest SNR. The branch SNR's are modeled as i.i.d. random variables (RV's). Let denote the ordered (largest to smallest) set of fading amplitudes associated with the SC inputs, each of which has average power We define the instantaneous SNR per bit for each channel ( is the bit energy-toGaussian noise spectral density ratio) and the corresponding average SNR per bit for each channel as
The joint probability density function (PDF) of the largest of the 's is then given by [18, p. 185] , eq. (9)] (1) where is the PDF of and is the corresponding cumulative distribution function (CDF). It is important to note that are not independent as can be seen from the form of (1).
For Nakagami-fading the PDF is given by (2) where denotes the gamma function [19, (4) and (5) III. AVERAGE BER OF HYBRID SC/MRC BINARY RECEIVERS
A. Average BER of SC/MRC-2/3 Binary Receivers
For binary signals and a receiver that implements the hybrid SC/MRC scheme with and (i.e., MRC combining of the strongest two of the three received branches), the BER conditioned on the fading amplitudes is given by [20 denotes the total SNR. Traditionally, the average BER is computed by determining the PDF of and then averaging (6) over this PDF, i.e.,
In fact, this was the procedure taken by Kong, Eng, and Milstein [3] , [4] for the Rayleigh channel.
For the Nakagami-channel, we take a different approach based on an alternative representation of the Gaussian function. To begin, we first rewrite (7) as (8) which because of the dependence of and would require double integration using the joint PDF of (4). Now using the alternative representation of the Gaussian function [21, eq. (9) ], namely (9) results in (10) At first glance, (10) appears formidable in that it involves evaluation of a triple integral. As we shall soon see, however, each of these integrals can be evaluated in closed form with the final result for being expressible as a single infinite series of tabulated functions. To obtain this form, we proceed as in Appendix A with the result [see (29) (11) is readily evaluated. The specifics of this evaluation will be discussed in Section V on numerical results.
B. Average Error Probability Performance of SC/MRC-2/4 Binary Receivers
For the receiver in Section III-A with now and (i.e., MRC combining of the strongest two of the four received branches), the average BER is obtained by using the alternative form of the Gaussian function (9) and of (5) in (8) resulting in (12) As before, the triple integral in (12) can be evaluated in closed form with the final result for being expressible now as a double infinite series of the same tabulated functions as those in (11) . To obtain this form, we proceed as in Appendix B with the result [see (36)] given in (13) at the bottom of the next page. Note that although (13) is a double infinite sum as opposed to the single infinite sum of (11), each term still only involves a product of two Gaussian hypergeometric functions. In principle, the approach taken in Appendixes A and B can be extended to evaluate the average BER of the hybrid SC/MRC scheme with and arbitrary The result will be in the form of an order infinite sum whose individual terms involve a product of two Gaussian hypergeometric functions.
IV. AVERAGE ERROR PROBABILITY PERFORMANCE
OF SC AND MRC BINARY RECEIVERS In Section V, on numerical results, it will be of interest to compare the suboptimum hybrid SC/MRC scheme with conventional SC as well as with optimum MRC. Therefore, we consider in this section the performance of SC and MRC over i.i.d. Nakagami fading channels.
A. Selective Combining
With conventional SC, the receiver processes the branch with the largest SNR. The PDF of the SC output is then found by setting to one in (1) yielding (14) When is restricted to integer values Fedele [17] showed that the PDF of the SC output (14) can be rewritten in terms of a finite series expansion given by [17, Appendix] (13) (15) where the coefficients can be recursively computed as (16) with For binary coherent receivers the average BER is thus given by integrating the conditional BER over (14) yielding (17) For an arbitrary noninteger , no closed-form solution is available for the integral in (17) and the average BER of SC has therefore to be computed numerically. However, when is restricted to integer values the average BER can be expressed in terms of finite series expansions by integrating the conditional BER over (15) and using [23, Appendix A] yielding (18) where
B. Maximal Ratio Combining
For MRC diversity, the conditional SNR is again given by , where now the 's correspond to a randomly chosen (not ordered) subset of the received branches including the possibility of all the branches, i.e., Since no attempt is made to choose those 's having the largest values, the total fading now corresponds to the sum of i.i.d. gamma RV's which has the PDF [11, eq. (7) (20) V. NUMERICAL EXAMPLES AND DISCUSSIONS Fig. 1 compares the performance of SC-3, MRC-3 , and hybrid SC/MRC-2/3 over a Nakagami-channel for a constant number of available branches Similarly, Fig. 2 compares the performance of SC-4, MRC-4, and hybrid SC/MRC-2/4 over a Nakagami-channel for a constant number of available branches
In these figures, the abscissa represents the average SNR per bit adjusted by the modulationdependent parameter
For the purpose of this discussion, we shall refer to as simply SNR. The case corresponds to worst case (single-sided Gaussian) fading. The results for correspond to Rayleigh fading and agree with those reported in [4] . The cases and represent less severe fading conditions than either singlesided Gaussian or Rayleigh. The results corresponding to the evaluation of (11) and (13) (the solid curves labeled "a") with that of the hybrid schemes (the dashed curves labeled "b" and "d") demonstrates the significant advantage of the latter gained by intelligent (i.e., choosing the largest) rather than random selection of which two branches to optimally combine as determined by the SC. The amount to be gained by this intelligent choice of the branches to be combined increases as the fading becomes more severe. Comparison of the MRC results corresponding to (the solid curves labeled "c" and "e") with those for the hybrid schemes (the dashed curves labeled "b" and "d") demonstrates the advantage of the former gained by optimally combining all received branches, i.e., making full use of the amount of diversity available.
Three conclusions can be "conjectured" from all these comparison. First, the gain of the optimum (MRC-) over the hybrid SC/MRCscheme is constant independent of SNR, and so is the gain of SC/MRCover conventional SC-This result is obvious from the numerical results, but certainly not obvious from the analytical expressions. This can however be explained by the following argument. Both conventional SC-and MRC-provide an average BER inversely proportional to the th power of SNR. This suggests that the average BER of hybrid SC/MRC should also be inversely proportional to the th power of SNR and giving as a consequence a diversity gain independent of SNR. Second, as one might expect, the amount of gain of SC/MRCimproves as approaches since the receiver is able to take advantage of the higher amount of diversity available. Finally, the amount of gain of hybrid SC/MRC varies inversely with the severity of the fading. That is, for the more severe fading cases, the suboptimum hybrid schemes are closer to the true optimum MRC scheme. This behavior can be explained by the following argument. For channels with high amount of fading the combined branches are "noisy" and since hybrid SC/MRC ignores the branches with lowest SNR's it is able to approach the performance of MRC. On the other hand, for channels with low amounts of fading the combined branches are "good" and since the hybrid SC/MRC scheme is disregarding information carried in some of these branches it suffers a serious penalty compared to MRC.
VI. CONCLUSIONS
We have presented a performance analysis of two hybrid SC/MRC coherent receivers over Nakagami-fading channels and compared them to the conventional SC and optimal MRC schemes. Numerical results for some particular cases of interest show that the BER degradation arising from the use of hybrid SC/MRC instead of MRC is independent of the average SNR regardless of the severity of the fading. In addition, these numerical results also show that MRC has a higher rate of improvement than the hybrid SC/MRC scheme as the severity of fading decreases. We conclude this paper by noting that all of the analyses performed in this paper have been performed for and for a flat MIP. Unfortunately, it appears that similar simplifications for the case of or Nakagamichannels with a decaying MIP are not possible.
APPENDIX A EVALUATION OF (10) FOR THE AVERAGE BIT ERROR PROBABILITY OF SC/MRC-2/3
Define the integral (21) Then, the average error probability given by (10) can be written as (22) To evaluate we first substitute (2) into (21) and then make use of the infinite series representation of the incomplete (23) which results in (24) Next, the integral in (24) can be evaluated using [19, p. Then, the average error probability as given by (12) can be written as (31)
To evaluate we first substitute (2) into (30) and then twice make use of the infinite series representation of the incomplete gamma function of (23) which results in (32) Once again the integral in (32) can be evaluated using [19, p. Finally, the integral on can be performed using the definite integral of (28) which leads to the final desired result for average BER (13), namely, (36), given at the bottom of the next page.
